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Hollmann, Ko rner, and Litsyn used generalized Steiner systems to prove that it
is impossible to partition an n-cube into k Hamming spheres if 2<k<n+2.
Furthermore, if k=n+2, they showed the only partition of the n-cube consists of
a single sphere of radius n&2 and n+1 spheres of radius 0. We give a geometric
proof that this is the only nontrivial partition of an n-cube into fewer than 2p+2
spheres, where p is the largest prime with pn. We also show that k=8 is the only
value of k between 4 and 11 such that it is possible to partition a cube other than
the (k&2)-cube into k spheres.  1998 Academic Press
1. INTRODUCTION
We consider a graph of the n-dimensional cube Qn with vertices
(a1 , a2 , ..., an) where each ai is either 0 or 1. The distance between two
points in the cube is the length of the shortest path connecting the points,
and a Hamming sphere (or simply a sphere) of radius r on the cube con-
sists of all points whose distance from a fixed center is at most r. If m<n,
then Qm can be embedded in Qn as the subgraph consisting of all points
of the form (a1 , a2 , ..., am , 0, ..., 0). By abuse of notation, we call this sub-
graph Qm.
Equivalently, we could study the Hamming space [0, 1]n, and use the
Hamming distance as a metric, i.e. the distance between two points is the
number of coordinates in which the points differ. This language is more
common; it was used by all sources cited in this work. Indeed, Ko rner [3]
argues that the Hamming space terminology is more natural for similar
questions. However, the approach in this paper suggested the proof to its
author, and while the techniques used could be translated into the
language of Hamming spaces, they are more naturally developed and
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visualized by the language of hypercubes, and the geometric nature of the
argument is more apparent.
Fachini and Ko rner [1] proved that it is impossible to partition an
n-cube into three Hamming spheres, but for any k4, the cube Qk&2
could be partitioned into one sphere whose radius is k&4, and k&1 single
points (spheres of radius 0). Using generalized Steiner systems, Hollmann,
Ko rner, and Litsyn [2] proved Theorem 1, which they called the gap
theorem. They also suggested that a geometric approach ought to be
possible, but they were unable to find one. In this paper, we present such
a proof.
Theorem 1 (Hollmann, Ko rner, and Litsyn’s gap theorem). For all
n2, the only partitions of Qn into n+2 Hamming spheres or fewer are:
1. a single sphere of radius n,
2. two spheres, centered at antipodes, one of radius r<n and the other
of radius n&r&1, or
3. one sphere of radius n&2 and n+1 single points (spheres of radius 0).
We say that a partition is coarse if it is in one of the categories listed in
Theorem 1. We prove the following, stronger result.
Theorem 2. For any n, let p be the largest prime such that pn. Then
all partitions of Qn into Hamming spheres which are not coarse contain at
least 2p+2 spheres.
Theorem 2 is stronger than Theorem 1 by Bertrand’s Postulate [6]a
number theoretic result which guarantees that 2p>n. We prove Theorem 2
by induction on n. Given a partition of Qn into spheres, we examine the
intersection of these spheres with Q p. Montaron and Cohen [4, 5] used a
similar technique, which they called ‘‘suppressing the i th coordinate.’’
2. PRELIMINARIES
Notation. Throughout this paper, we let P=[S1 , S2 , ..., Sk] be a parti-
tion of Qn into nonempty spheres, and let r i be the radius of Si . We also
let Pn&1=[S$1 , S$2 , ..., S$k] where S$i=S i & Qn&1. Similarly, for mn, we
define Pm=[S1 & Qm, S2 & Qm, ..., Sn & Qm].
Fact 1. S$i is empty if and only if ri=0 and the lone point in S i is not
in Qn&1.
Fact 2. Each S$i is a Hamming sphere in Qn&1, and Pn&1 is a partition
of Qn&1.
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Fact 3. The radius of each S$i is r i if the center of Si is in Qn&1, and
ri&1 otherwise.
Fact 4. We always have ri+rjn&1; otherwise, S i and S j intersect.
Fact 5. We have k=1 if and only if r1=n. Furthermore, k=2 if and
only if r1+r2=n&1.
Fact 6. If r1+r2=n&2, and every other ri=0, then k=( nr1+1)+2=
( nr2+1)+2.
Proof. Facts 1 through 5 are straightforward. As for Fact 6, we note
that the sizes of S1 and S2 do not depend on where the spheres are cen-
tered, so we assume they are centered at antipodal points. Then S1 contains
all points whose distance from some x is at most r1 , and S2 contains all
points whose distance from x is at least r1+2. The only points in neither
S1 nor S2 are the ( nr1+1) points whose distance from x is exactly r1+1.
These points comprise the spheres S3 through Sk , and so k=( nr1+1)+2 as
desired. K
3. INTERSECTING PARTITIONS WITH SMALLER CUBES
The facts in Section 2 describe Pn&1 given P. Proposition 3, describes P
if Pn&1 is coarse.
Proposition 3. Suppose Pn&1 is a coarse partition of Qn&1. Then either
P is a coarse partition of Qn, or P consists of at least ( n2)+2 spheres.
Proof. We simply enumerate the possibilities for Pn&1 , and in each
case, we ask what P it could come from. If Pn&1 is a single sphere, then
that sphere has radius n&1 in Pn&1 , so its radius in P is at least n&1
as well. If the radius is n, then P is a single sphere. Otherwise, the sphere
misses one point in Qn, and this point is a second sphere of P.
Now suppose Pn&1 contains two spheres S$1 and S$2 , with radii r and
n&r&2, respectively. Then the radius of S1 is either r or r+1, and that
of S2 is either n&r&2 or n&r&1, (Fact 3). If both radii increase, the
spheres would intersect, (Fact 4), and this is not possible. If one of the radii
increases, then P has two spheres which cover Qn (Fact 5). If neither radius
increases, then each Si with 3ik is a single point, since S$3= } } } =
S$k=< (Fact 1). Therefore, there are ( nr+1)+2 spheres in P (Fact 6). If
r=0, or r=n&2, then P is an example of the third type of coarse parti-
tion. Otherwise, P contains at least ( n2)+2 spheres.
Finally, suppose Pn&1 has a sphere S$1 of radius n&3, and n spheres of
radius 0. We first note that there is at most one nonempty S$i such that the
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radius of Si is larger than that of S$i . Why? Well, if the radius of S1 is n&2,
and any other Si has radius 1, the resulting spheres would cover Qn, and
Pn&1 would not have any single points. Otherwise, let x be the antipode in
Qn&1 of the center of S1 . Now the Hamming distance from any of the
single point spheres to x is at most one. Thus, if the radius of some Si
is 1, then Si contains the antipode of x in Qn, but this point is in only one
Si , so only the corresponding ri could increase to 1. Now if the radius of
S1 is n&1, P is counted as the third type of coarse partition. If some other
Si has radius 1, then P has ( n2)+2 spheres (Fact 6). Otherwise, P has more
spheres than this number. In all these cases, either P is coarse, or it has at
least the required number of spheres. K
4. PROOF OF THEOREM 2
We would like to use Proposition 3 to prove Theorem 2 by induction.
Unfortunately, given a partition P of Qn into n+2 spheres, there is no
guarantee that Pn&1 would have only n+1 or fewer spheres, and so we
could not use the inductive assumption. Our solution is to show that if p
is the largest prime with p<n, we can assume Pp has at most p+2 spheres.
We find primes particularly useful because of Proposition 4, which was also
noted by Hollmann, Ko rner, and Litsyn [2], and observed by Tolhuizen.
Proposition 4. For any prime p, if a partition of Q p consists of k>1
Hamming spheres, then k#2 mod p. In particular, either k p+2 or
k2p+2.
Proof. There are ( ni ) points in Q
n whose distance from a fixed center is
exactly i, since such a point is obtained by choosing which i of the n coor-
dinates to change. Therefore, a Hamming sphere of radius r<p in Q p con-
tains ( p0)+(
p
1)+ } } } +(
p
r) points. But p divides (
p
i ) for each 1i<p, so the
size of each sphere is congruent to 1 mod p. Since the spheres cover a total
of 2 p points, and 2 p#2 mod p, we have k#2 mod p. K
To complete the proof of Theorem 2, we apply Bertrand’s Postulate, (see
[6] for a proof ), to show that n<2p if p is the largest prime less than n.
Theorem 5 (Bertrand’s Postulate). For any positive integer q, there is a
prime p such that q<p2q.
Corollary 6. Given n>2, let p be the largest prime with p<n. Then
n<2p.
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Proof. Applying Bertrand’s postulate to q= p, we find a prime p$ with
p<p$<2p, but by our choice of p, we have p<np$<2p. K
Proof of Theorem 2. First of all, it is straightforward to verify
Theorem 2 for n3. Thus, suppose it holds for all m<n. That is, if pm is
the largest prime with pmm, all partitions of each Qm into fewer than
2pm+2 Hamming spheres are coarse. Let P be a partition of Qn into
spheres, and let p be the largest prime such that p<n. By Proposition 4,
either Pp has at least 2p+2 spheres (and so P has this many spheres as
well), or it has at most p+2 spheres. In this case, we assume by induction
that Pp is coarse, and we consider the sequence Pp , Pp+1 , ..., Pn=P. By
Proposition 3, the first Pt which is not coarse has at least ( t2)+2(
p+1
2 )+
22p+2 spheres. Therefore, If any partition in the sequence is not coarse
(including P), P has at least 2p+2 spheres. In particular, if P is not coarse,
it has more than n+2 spheres, by Corollary 6. This completes the proof,
except for the technicality that Theorem 2 allows p=n, and in this proof,
p is the largest prime strictly less than n. When n is prime, however, we
have shown that the smallest partition of Qn into spheres that is not coarse
contains more than n+2 spheres; therefore, by Proposition 4 it has at least
2n+2=2p+2 spheres. K
We can classify a partition on Qn according to the number of spheres
in Pp . Using this approach, it may be possible to determine the values of
k below 3p+2 for which Qn can be partitioned into k spheres, or even to
list these partitions, since either P is coarse, or Pp has exactly 2p+2
spheres. Continuing in this manner, it may be possible to solve the problem
posed by Fachini and Ko rner [1] of characterizing the pairs (k, n) for
which the n-cube can be partitioned into k Hamming spheres.
5. APPLICATIONS
We now use Theorem 2 to classify all partitions of a cube into eleven
spheres or fewer.
Corollary 7 (Fachini and Ko rner [1]). It is impossible to partition
any Qn into three Hamming spheres, since Q1 has only two points, and for
all larger Qn, 3<n+2. K
Corollary 8. The only partitions of a Qn into eleven spheres or fewer
which are not coarse are the partition of Q3 into eight single points, and
partitions of Q4 into two spheres with radius one, and six single points.
Thus, for 4k11, the only k for which there is a partition of some cube
other than Qk&2 into k spheres is k=8.
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Proof. By Theorem 2, if n5, a partition of Qn that is not coarse con-
tains at least twelve spheres. The only partition of Q3 or smaller cubes that
is not coarse consists of eight single point spheres on Q3, so we only need
to examine Q4. A partition on Q4 which includes a sphere of radius two or
larger is coarse, so we consider partitions whose largest sphere has radius
one. A sphere of radius one on Q4 has five points. A partition which con-
tains three such spheres would have four spheres, but that is impossible by
Theorem 2. A partition on Q4 with two spheres of radius one has six single
points for a total of eight spheres, and a partition with only one sphere of
radius one would have eleven single points for a total of twelve spheres.
Thus, all partitions with fewer than twelve spheres which are not coarse are
listed in this corollary. K
Bassalygo asked [2] for the smallest t>0 such that a subset of Qn could
be partitioned into either r or r+t Hamming spheres. We note that Q6 can
be partitioned either into sixteen or seventeen Hamming spheres. Thus,
there are cases with t=1, even when the subset is the whole cube. To parti-
tion Q6 into sixteen cubes, first choose a perfect, one error-correcting code
of length seven (i.e. a Hamming code). For each codeword, put a sphere of
radius one centered at the corresponding vertex in Q7. These spheres form
a partition of Q7 into sixteen spheres. Since each sphere has radius one, if
we take the intersection of the spheres in this partition with Q6, no spheres
are lost (Fact 3), so we have a partition of Q6 into sixteen spheres. To par-
tition Q6 into seventeen spheres, use one sphere of radius three (42 points),
one sphere of radius one (7 points), and cover the remaining points with
fifteen spheres of radius zero.
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